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Abstract: In this work, a hybrid multicriteria decision making (MCDM) model utilizing the Cubic Bipolar
Pythagorean Fuzzy Sets (CBPFSs) in the R-order has been presented. Interior, Exterior, Frontier, and Basis
have been introduced to construct a topological structure. Entropy is used to calculate the objective criteria
weights, then VIKOR and COPRAS methods are adopted for ranking of alternatives. The proposed
methodology is illustrated via a real-world problem related to selection of the best alternative for cancer
treatment.
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I. INTRODUCTION

Multi Criteria Decision Making (MCDM) serves as an effective tool for choosing the most
appropriate alternative in case of having several criteria that contradict each other. Since, in practice, the
information regarding decision-making is uncertain, imprecise and cannot be measured precisely in numeric
values, it becomes necessary to use fuzzy set theory [1] and its generalizations for representation of the
uncertain information in the decision-making problem.

The Pythagorean fuzzy sets (PFSs) [3] have more flexibility since, in contrast to intuitionistic fuzzy
sets, they allow the sum of the squared membership and non-membership degrees to be at most one. Adding
bipolarity and intervals as additional types of information results in the formation of the Cubic Bipolar
Pythagorean Fuzzy Sets (CBPFSs). Thus, they become able to reflect not only positive but also negative
uncertain information.

In this paper, CBPFSs will be considered according to the R-order. Using this order, the interior,
exterior, frontier and basis will be defined, thus, creating the corresponding topological structure. Thus,
these notions can serve as a mathematical background for investigation of the structural properties of the

CBPFSs.
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For the MCDM process, the entropy method is used to determine the objective weights of the
criteria. The VIKOR [5] method is then employed to obtain a compromise ranking, while COPRAS [13]
is used to evaluate the relative significance of alternatives considering beneficial and non-beneficial
criteria. Thus, the proposed framework combines CBPFS, entropy weighting, VIKOR and COPRAS into
a unified decision-making methodology.

Finally, the proposed method is applied to a cancer-treatment selection problem, where several
treatment alternatives are evaluated under multiple clinical criteria. The application demonstrates the
usefulness of the proposed framework in handling uncertain and conflicting information in healthcare
decision-making.

II LITERATURE REVIEW

Zadeh [1] presented the theory of fuzzy sets to deal with imprecise data that then gave rise to
many extensions for MCDM problems. Yager [2] presented the concept of Pythagorean fuzzy sets,
offering more flexibility in depicting membership and non-membership functions. Cubic and bipolar
fuzzy sets later contributed to the inclusion of interval-valued, exact, and both positive and negative
information at once.

There are numerous MCDM[8] techniques in different fuzzy domains. Entropy technique is often
employed to determine the criterion weights through the information available in the decision matrix. The
VIKOR approach, presented by Opricovic and Tzeng [3], offers a compromise solution to conflicting
criteria, while COPRAS ranking technique considers both beneficial and non-beneficial criteria to rank
alternatives.

Entropy-based fuzzy VIKOR and COPRAS approaches have been successfully applied to various
selection and healthcare problems. However, comparatively limited attention has been given to
integrating Cubic Bipolar Pythagorean Fuzzy Sets with R-order topological concepts and hybrid
entropy—VIKOR—COPRAS decision-making.

Therefore, this study develops a hybrid CBPFS-based MCDM framework incorporating the R-
order concepts of interior, exterior, frontier and basis, objective entropy weighting, and VIKOR and
COPRAS ranking techniques. Its applicability is demonstrated through a cancer-treatment selection
problem.

111 PRELIMINARIES
Definition 2.1
Let .4 be a universe of discourse. A cubic bipolar Pythagorean fuzzy set (CBPFS) Cgp on

universe set .4 is defined as follows

Cep = {(x,C(x),0(x)) | x € M}
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where C(x) = {(X [(IJ'CBP’ IJ'CBP) (BCBP, CBP)] [(“CBP' “CBP) (SCBP,{)CBP)]) |x € ]V[} represents the
IVBPFS defined on 4 while o(x) = {(x, [n,,, 9%,, ], [HCypr 9C,,]) | X € M} represents the BPFS
defined on 4 in which the mappings uEBP : M — [0, 1] denote the degree of positive membership,
8EBP : M - [0,1] denote the degree of positive non-membership, pc ., : M — [—1,0] denote the
degree of negative membership and 9¢_,: M — [—1, 0] denote the degree of negative non-membership
of each element x € 4 to the set Pz such that (“CBP' “CBP) c[0,1], (BCBP,BCBP) c[0,1],
(HEBP’ME]];P) c[-1 (BCBP’BCBP) < [~1,0] and ucBP = uCBP > p‘CBP = p‘CBP > SCBP = 19CBP 19Ellap =
Ao .
Also, 0 < (ug") +(08) <1,0 < (ug)* +(9g%) < 1.
(UCBP) + (BCBP) =1,0 = (HCBP) + (GCBP) =1
and 0<(ug,) +(95,) <1, 0<(ng,) +(9g,) <1
We denote this pair Cgp = (C, 0) where

C = ([(IJ‘CBP , IJ‘CBP) (BCBP ) CBP)] [(MCBP ) uCBp) (8CBP '8CBP)]) and
o = [IJ'CBP 'BCBP »Hegp BEBP] is known as cubic bipolar Pythagorean fuzzy number (CBPFN) .

Let mc,, (x) = ([T[CBP (%), T[CBP (X)] [T[CBP (%), ncgp (X)] [T[CBP (%), T[CBP (X)D for all X in 4, then
Tip,. is called the CBPF index of x to .4, where

ntl, 60 = J1-(uth, 00) = (08, 00)°, met, 00 = 1= (2, 00)° = (523, G0) . el G0 =
J (“CBP (X)) (BCBP (X)  Ten, (%) = \/1 - uCBP (X) (‘96;,, (X))Zand “chP x) =

J1= (4 09" (0,0t 09 = [1= (8, 00)° — (88, 0)"

Definition 2.2
Let Cgp, = (Cy, 04) and Cgp, = (C;, 0;) be two CBPFSs defined over the universal set .4 in
which

C = ([(”5113131 ’ ”ggpl) ’ (85113?1 ’851131131)] ’ [(”6113131 ’ “Egpl) ’ (Bcllap ’BE:;Pl)D

|+ + - -
01 = [HCBPl’BCBPl’ p'CBl=1 ’BCBPl]

CZ = ([(ué}gpz ! lJ'al;l’z) ! (861131’2 ! BE;PZ)] ! [(HELPZ ! p'E};}’z) ! (861131’2 '8611311’2)]) and
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I + - -
%2 = [“CBPZ’BCBPZ’“CBPZ ’BCBPz]'

Then we define:

Equality Cgp, = Cgp, if (né, ,ués, )= (ntl,, ués, ). (08,088, ) = (0%, 082, ).
(nch, g ) = (uch,, uch ). (92h, 9C, ) = (9ck,, 0cY, ) - sy, = iy .
BEBPl = BEBPZ’ I‘J‘EBpl = MEBPZ and agspl = 196BPZ :

R-order CBP1 Sr CBPz if (I‘J‘alap1 ’ ua;lpl) < (ualapz ’ Ué;pz) (SCBPl SCBP ) (SCBPZ 19C13P2)

—-u

(nety, gl ) < (nhy, mcs, ) - (9ch,, 058, ) 2 (9cL,, 008, ). uEy. = 1, .
9¢ap, < 9ap,» Megp, = Moy, and 9, <9, .
Definition 2.3
Let Cgp, = (C;, 0;) wherei € A, be a family of CBPFSs defined over the set .#. Then we
define:

(i) R-union:
U Cgp;
R

_ + R I -1 —u
= {{(suptan, sum s, ) Gog o, ot o). Guf v, -jufwci, ) (supcs, -sup o, )]

ieA
. + + — . -
inf sup9 su inf 9 ]}
[iEAuCBPi'iER CBPi'iERuCBPi'ieA Cap;

(i1) R-intersection:

ﬂ CBPi
R

— +1 ; + +1 + -1 - ; -
= {[Gogetan, - jogucs, ). (sup o6, supogy, ) (supncs,, supncs, ). (jng e, ot 063y, )|

i€eA Pi'iep

[lsgg ”CBP , 1nf SCBP , .mf “CBP ,sup Oegp. ]}

Definition 2.4

Let CBP - (C 0) m WhICh C = ([(MCBP ’ U'CBP) (BCBP ’ CBP)] [(IJ'CBP ’ IJ'CBP) (SCBP ’SCBP)])

and 0 = [uéBP ,BéBP Hegp BEBP] be a CBPFS defined over the universe .#. Then, the complement of

Cgp can be defined as (Cgp)¢ = (C,0C) where C¢ = ([(1 — g2, 1—pél, ), (1—0f2 1
CBP )] [( 1- p'CBP r ”'EBP) ’ (_1 - BE;P —1- 19EBP)D and 0© = [1 HCBP 1= 19CBP’ -
MEBP ! -1- 196BP]’
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Theorem 2.5

Let Cgp, = (Cy, 01) and Cgp, = (C3, 03) be two CBPFSs defined over the universal set .. Then
the following properties are hold under R-order:

(1) Cgp, U Cp, = Cpp, Ug Cpp,

(i) Cgp, NR Cpp, = Cpp, NR Cpp,

(i) (CBP1 Ur CBPZ)C = (CBpl)C Nr (CBPZ)C

(iv) (CBP1 N CBPZ)C = (CBpl)C Ur (CBPZ)C-
Proof: Straightforward.
Definition 2.7
The score function of a CBPFN Cgp = (C, 0), in which

C= ([(‘ué—ép ’ HZ:P) 4 (ﬁnglP 'ﬁg;P)] 4 [(MEB{P '#E;P) ’ (1955{;’ ’ﬂE;P)]) andog =

[ué., 9L,  Ucyp 9C,,| is defined as follows:

2 2 2 2
+1 +u _ .+ +1 +u _ gt =1 -u _ = =1 -uU _ 9—
Se(Cp) = HcpptHcpp ~Hepp + O¢pptPcpp— Icpp n HcpptHcpp~Hcpp + 9cpp+9cpp~ Ycpp
c\“BpP 3 3 3 3 5

where 0 < S¢ (Cgp) <1
Definition 2.8
Let Cgp = (C, o) be a CBPFN, where

¢= ([(HE;P ’ “ggp) ’ (ﬁg—BlP ,193;,)] ’ [(”C_'ép '”Egp) , (795;;, 'ﬂE;p)]) and o =
[HEBP ’ ﬁg—BP ’ ‘uEBP ’ ﬁEBP]'

Then the accuracy function of Cyp is defined as follows:

2 2 2 2
+1 +u _,,+ +1 +U _ g+ =1l “u _,= =1 U _ 9=
A (Cgp) = Hcppthcpp~Hipp ) 9¢pp+t9¢pp— Cpp + Hcppthepp~Hepp | 9¢cpp+9cpp— cpp
c\“BpPJ) — 3 3 3 3 s

where —1 < AC(CBP) <1

IV Cubic Bipolar Pythagorean Fuzzy Topology under R-order

In this section, we introduce the concept of a R-cubic bipolar Pythagorean fuzzy topology (R-
CBPFT) or a cubic bipolar Pythagorean fuzzy topology with R-order.

Definition 4.1
Let .4 be a non-empty universal set and Cgp (M) to be the accumulation of all CBPFSs in .. If
the collection Tgc,, containing CBPFSs satisfies the following conditions, it is termed as a R-cubic

bipolar Pythagorean fuzzy topology (R-CBPFT),

H i ,lu ,ul ,uu , U lu ul uu
() Cgp"Cpp” " Cpp" " Cgp> "Cgp, Cgp, ~Cpp and ““Cpp € Tregp-
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(i) If (RCpp); € Treyp Vi then Ur(RCpp); € Trey,

(iii) If RCgp,, RCpp, € Trcyp, then RCgp, Ng RCpp, € Trey,-
Then, the pair (4, Trc,,) is called R-cubic bipolar Pythagorean fuzzy topological space.
Example 4.2

Let .4 be a universal set and RCgp (M) be the assemblage of all R-cubic bipolar Pythagorean
fuzzy sets(R-CBPFS) in 4. Consider R-CBPF subsets of RCgp (M) given as

RCgp, = {[(0, 0), (1, 1], [(0, 0), (-1, -1)], [0.37, 0.51, -0.42, -0.63]}

RCgp, = {[(1, 1), (0, 0)], [(0, 0), (-1, -1)], [0.37, 0.51, -0.42, -0.63]}

RCgp, = {[(0, 0), (1, )], [(-1, -1), (0, 0)], [0.37, 0.51, -0.42, -0.63]}

RCgp, = {[(1, 1), (0, 0)], [(-1, -1), (0, 0)], [0.37, 0.51, -0.42, -0.63]}

The union and intersection with a R-order for the above R-CBPFS are given Tables 1 and 2

respectively.

Table 1 R-Union of R-CBPFS

Ur UCBP luCBP ulCBP uuCBP UCBP luCBP ulCBP uuCBP RCBPl ]RCBPZ ]RCBP3 ]RCBP4

Uop | "Cop | “Cop | “Cop | “Cop | WChp | MChp| ““Cop | “Crp| RCsp, | RChp, | RCsp, | RCpp,

Table 2 R-Intersection of R-CBPFS
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Np ”CBP luCBP ulCBP uuCBP ”CBP luCBP ulCBP uuCBP ]RCBPl RCBPZ RCBP3 ]RCBP4

1 _lu lu ul uu u lu ul uu
Clearly, TRCBP—{ Cpp, Cpp,  Cpp, Cpp, "Cpp, " Cpp, Cpp, CBP}

and

By = { "Cop, “Cap, " Cop, ™ Cap, "Cop, “Cap, “ Cap , “Cp, |
are cubic bipolar Pythagorean fuzzy topology with R-order.
Definition 4.3

Let .4 be a non-empty universal set and Trc,,= {(RCgp);/1 € A} where (RCgp); represent the
R-cubic bipolar Pythagorean fuzzy subsets of universal set 4.

Then, Tgc,, is termed as a R-cubic bipolar Pythagorean fuzzy topology on 4 and it is the largest
R-cubic bipolar Pythagorean fuzzy topology on .4 and is called as R-discrete cubic bipolar Pythagorean
fuzzy topology.

Definition 4.4

Let .4 be a non-empty universal set and Tg¢,,={ Uepp MChp “Chp WCpp “Crp, MCrp, “Cpp,

UUCgp } be the collection of R-cubic bipolar Pythagorean fuzzy subsets.
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Then, Tgcy, is termed as a R-cubic bipolar Pythagorean fuzzy topology on .4 and it is the

smallest R-cubic bipolar Pythagorean fuzzy topology on 4 and is called as R-indiscrete cubic bipolar
Pythagorean fuzzy topology.

Definition 4.5
The elements of R-cubic bipolar Pythagorean fuzzy topology Trcy, is termed as R-cubic bipolar
Pythagorean fuzzy open sets R-CBPFOSs in (A, Trcy,)-
Theorem 4.6
If (A, TRrcg,) 1s any R-cubic bipolar Pythagorean fuzzy topological space. Then,

(i) Iegp MCgp MCgp "Cpp’ "Cp, MCpp, “ICgp and "Cgp are R-CBPFOSs
(i) The R-union of any number of R -CBPFOSs is R-CBPFOS.
(iif)  The R -intersection of finite number of R-CBPFOSs is R-CBPFOS.
Proof: The proof is trivial.
Definition 4.7
The complement of elements of R -cubic bipolar Pythagorean fuzzy open sets is termed as R -
cubic bipolar Pythagorean fuzzy closed sets R-CBPFCSs in (4, Trcy,)-
Theorem 4.8
If (A, Trcy,) is any R-cubic bipolar Pythagorean fuzzy topological space. Then,

(i) legp MCgp YCgp " Crp Chp, MCrp, “Cpp and "Cgp are R-CBPFCSs

(i) The R-intersection of any number of R-CBPFCSs is R-CBPFCS.

(iii)  The R-union of finite number of R-CBPFCSs is R-CBPFCS.
Proof: The proof is trivial.
Definition 4.9

The R-cubic bipolar Pythagorean fuzzy sets which are R-CBPFOSs and R-CBPFCSs, are termed
as R-cubic bipolar Pythagorean fuzzy clopen sets in (A, Trcyp)-

Proposition 4.1

(i) For every Tgeyp. Uepp MChp “Chp " Chp MCip, ™ Chp, “Cyp and “Cpp are R- cubic bipolar
Pythagorean fuzzy clopen sets.

(if) For discrete R- cubic bipolar Pythagorean fuzzy topology, all the R- cubic bipolar Pythagorean
fuzzy subsets of .4 are R- cubic bipolar Pythagorean fuzzy clopen sets.

(i) For indiscrete R- cubic bipolar Pythagorean fuzzy topology, “Cgp’ “Cgp’ *Cpp> ““Crp° “Chp,

fCpp, YUCpp and ¥ Cyp are only R- cubic bipolar Pythagorean fuzzy clopen sets.
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4.1 Subspace of R -CBPFT
Definition 4.7
Let (A, Treypn) be a R -CBPFT. If Y S 4, then the collection
TRegpy —{ RCgp (M) NR Y / RCpp (M) € Treypae}
is a topology on Y and is called as the R - cubic bipolar Pythagorean fuzzy subspace topology. Then,

(Y, Treg,py ) is called a R - cubic bipolar Pythagorean fuzzy subspace of (4, Tre,, )
V Algorithm of the Proposed CBPFS — Integrated Entropy — VIKOR — COPRAS Method

In the recommended decision-making process, the use of CBPFS scoring function, entropy
weighting technique, VIKOR approach, and COPRAS approach would be involved to rank the available
alternatives in the presence of uncertainty. Firstly, the entropy technique will be applied to calculate the
objective criteria weights, and then they will be utilized in VIKOR and COPRAS techniques for ranking
the alternatives.

5.1 Algorithm: CBPFS - Entropy Weighting Method
Let A= {Aj, As, ..., An} be the set of alternatives and C = {C,, C,, ..., C,} be the set of criteria. Let the
CBPFS decision matrix be

D = [c;]

mxn

where ¢;; denotes the CBPFN corresponding to alternative Ai under criterion C;.

1. Construction of the CBPFS decision matrix

The decision matrix is

€11 C12 Cin

C21 C22 Con
D= . . .

Cm1i Cm2 Cmn

2. Calculation of the score value

For every CBPFN C;;, calculate its score s;; = S¢(Cpp) using the score function,

2 2 2 2
+1 +u _,,+ +1 +U _ ot =1 -u _,= =1 U _ q—
Se(Cgp) = Hcppthcpp—Hepp + 9¢pp+t9¢pp— 9Cpp + Hcppthcpgp—Hepp + 9cpp+9cpp~ cpp
¢ -BPJ ™ 3 3 3 3

Consequently, the CBPFS decision matrix is transformed into the score matrix S=[si j]mxn .

3. Normalizing the score matrix

For a Beneficial criterion
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S. .

A larger score represents better performance. P;; = = .
T XSy

For a non-beneficial criterion

A smaller score represents better performance. First transform the score, s; j = 1—s;j. Then normalize,

!

P = Z?_Uli‘ g Thus, 215-=1 pij = 1. The normalized matrix is P = [p: j]

mxn’

4. Determine the entropy of each criterion

For each criterion Cj, calculate E; = — ﬁ Y3, pi jlnp;j where 0ln0 = 0. Therefore, 0 < E; < 1.

The value E; represents the degree of uncertainty or uniformity associated with criterion C;.
o Larger Ej: less discriminating information.
e Smaller Ej: greater discriminating information.

5. Calculation of the degree of diversification

The degree of diversification of criterion C; is dj = 1-E;. Hence, 0 < d; < 1. A larger d; indicates that

criterion C; provides greater useful information for distinguishing the alternatives.

6. Determine the entropy weights

The objective weight of criterion Cj is wj = oz=—.
j=1 dj

7. Determine the final weight vector:

The resulting criterion weights constitute the final weight vector W= (wy, wy,....wy,) where 0 <wj; <1
and Z;_?:l w; = 1.

5.2 Algorithm: Proposed CBPFS-VIKOR Method

Let {A1, Ao, ..., An} denote the set of alternatives and C = {Ci, C, ..., C,} denote the set of criteria. Let
D=[Cy]  the

CBPFS decision matrix, and let W= (wy, w,,....w,) be the weight vector of the criteria calculated using
the CBPFS entropy method, where 215-:1 w; =1

1. Construction of the CBPFS Decision Matrix

Evaluate the alternative A; with respect to criterion C; using a CBPFN ¢;;. This gives the CBPFS decision

matrix
€11 C12 Cin
D= C21 C22 Con
Cm1 Cm2 Cmn
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2. Calculation of the CBPFS Score Matrix

Calculate s;; = S¢(Cpp) using the proposed CBPFS score function for i=1, 2, ..., mand j=1, 2, ..., n.
Hence,

the score matrix S=[s; f]mxn'

3. Identification of the positive and negative ideal solutions

If the criterion C; is beneficial, f]* = maxs;j, fi = miin Sij-

If the criterion C; is non-beneficial, f]* = miin Sij» fi = max si;.

Here, f;" represents the positive ideal value and f;~ represents the negative ideal value.

4. Calculation the normalized distance

.
fi = sij

For a beneficial criterion, dij = FEYE
I

o sij —fj

and for a non-beneficial criterion, d; T
fi = 1j

5. Computation of the weighted normalized distance

Using the criteria weights obtained through entropy, the weighted normalized distance, V;; = W; d; j

6. Calculation of the group utility measure

For each alternative A;, U; = Z;-Ll w;d;; where U; represents the overall distance from the ideal

solution. A smaller U; indicates better performance.

7. Calculation of the regret measure of the individual

For each alternative, R; = mjax wjd;j. Here, R; represents the maximum individual criterion regret.
A smaller R; is the better.

8. Determine the extreme values

Compute U™ = miin Ui,U™ = max Uiand R* = ml_ian- ,R™ = ml_axRi

9. Calculation of the VIKOR index

u;-u"
U~ -U"

R; — R

The VIKOR index of alternative Aiis Q; = v PN

+ (1 —v)

where 0 <v<1.

Generally,

v =0.51s used.
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10. Rank the alternatives

Alternatives are ranked in the ascending order of Q;: Q; <Q, <--- < Qu. Hence, A > A@> ... >A™
The alternative with the minimum Q; is considered the preferred alternative.

11. Verification of the compromise solution

Let us consider A" and A® are the alternatives ranking first and second with respect to Q; respectively.
The acceptable advantage criterion is Q(A®) - Q(A") > ﬁ . The acceptable stability criterion is the A"
should rank first also with respect to either U; or R;

If both criteria satisfy, then A" is considered as the VIKOR compromise solution.

5.3 Algorithm: Proposed CBPFS-COPRAS Method

Let {Ai, Az, ..., Am} denote the set of alternatives and C={C,, C,, ..., C,} denote the set of criteria. Let D
=[cy] ., the

CBPFS decision matrix, and let W= (wy, w,, ....w,) be the weight vector of the criteria calculated using
the CBPFS entropy method, where 253:1 w; =1

1. Construction of the CBPFS Decision Matrix

Evaluate the alternative A; with respect to criterion C; using a CBPFN C;;. This gives the CBPFS decision

matrix
€11 C12 Cin
D= C21 C22 Can
Cm1i Cm2 Cmn

2. Calculation of the CBPFS Score Matrix

Calculate s;; = S¢ (Cgp) using the proposed CBPFS score function for i=1, 2, ..., mand j=1, 2, ..., n.
Hence,

the score matrix SZ[Si f]mxn'

3. Normalize the score matrix

For a Beneficial criterion

Si}'
A larger score represents better performance. p;; = ST
For a non-beneficial criterion
A smaller score represents better performance. First transform the score, s; ; = 1—s;;. Then normalize,
Sty 5
P = ST Sh Thus, X5-1 pij = 1. The normalized matrix is P = [pij]mxn'
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4. Construct the weighted normalized matrix

Using the entropy-derived weights, yij=w;j pij. Hence, Yz[yl- j]

mxn’

5. Calculate the beneficial criterion sum

For each alternative A, calculate B; = ), jeck[yi j] where c;, is beneficial criteria. Here, larger B; indicates
better performance.

6. Calculate the non-beneficial criterion sum

For each alternative A, calculate N; = ), jecl[yi j] where c; is non-beneficial criteria. Here, smaller N; is
preferred.

7. Calculate the relative significance
TlNil where Ni>0. A larger Q;
LW,

5
The relative significance of alternative A; is calculated as Qi=B; + Lic
L

i

indicates a better alternative.

8. Calculate the utility degree

Qi
Qmax

Let Qmax= Maximum Q. The utility degree is V; = x100. The alternative with Vi=100 has the

highest relative utility.

9. Rank the alternatives

Rank the alternatives in descending order of Q; or Vi: Q1> Q2> ++-> Qu. Thus, A; > Ay>--> Ap,.
The alternative with the maximum Q; is selected as the best alternative.

VI Numerical Example

Comprehensive Clinical Case Study: CBPFS-Based Cancer Treatment Decision-Making

The medical field of oncology requires some decisions to be made by health specialists. Such
elements as tumor stage, tumor grade, biomarker value, patient condition, therapeutic response, and
possible risks may be unknown, ambiguous, and even contradictory. As a consequence, the selection of
the most appropriate therapy regime is based on the analysis of different clinical factors.

In order to show the practical use of the developed theoretical framework, the suggested decision-
making algorithm is applied to the oncology case where different treatment regimens are analyzed by the
multidisciplinary tumor board of patients with advanced chronic cancer. The suggested CBPF framework
will be used to model the uncertainty in the clinical information and criteria.

Decision-Making Parameters
Alternatives (Treatment Regimens): The board analyzes four different options (m=4):

A: Standard systemic Chemotherapy
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A,: Targeted Radiation therapy

Aj: Advanced Immunotherapy

A4: combined Modality Palliative Care

Criteria (Clinical Parameters): The treatment protocols are evaluated on the basis of five independent

criteria (n=4):

Ci: Treatment Effectiveness (Benefit criterion)

C,: Patient Response Rate (Benefit criterion)

Cs: Improvement in Quality of Life (Benefit criterion)

C4: Treatment-Related Side Effects (Non-benefit criterion)

Cs: Treatment Cost (Non-benefit criterion)

6.1 CBPEFS - Entropy Weighting Method

the

Let AZ{Al, Ao, .

.., Am} be the set of alternatives and C={C;, C, ..

., Cn} be the set of criteria. Let

CBPFS decision matrix be D = [ci f]mxn where ¢;; denotes the CBPFN corresponding to alternative A;

under criterion C;.

Step 1: Construction of the CBPFS decision matrix

The decision matrix is

C, | C, Cs Cs Cs

{[06, 0.71.[02, | {[0.1, 0.4].[0.5,

071, 0405 | 103 05 0.4, | ({[0.4,0.7,[03, | ({[0.6,0.71,[0.3,
R ?_‘317’[_8'%}0'4]’ ?_.g]%[_g.gj}o.s], 0.7], [-0.6,-05], | 0.5], [0.7.-0.5]. | 0.4], [-0.6,-0.3],
a0 s oo By | | [08,-08]} [07, | [:05, 033, [0, | [07, 021}, [0.4
bop 00 | D 2009 06,04,05) | 04,-08,-03) | 03,-02,-0.1)
([0.5,
0.6].0.4,

(o2 0804, | SIS qos 0703 | (o5 06103, | (104,071,003
p | 07105, 0T [ | oSS | 08) [o4,-03], | 0.7, [08,-07], | 03] [-05, -0.2],
* 06,041, [09, | OLEO8 - o5 03 08, | (056,041, [07, | [0.6,-04]), [07,

03,-04,-06) | JUI98 105 0304} |05-:04-05) |06 05 -04)

0.6])
([0.3,
0.5].0.2,

qos 0mos, | oAE | (o4 08103 | (o2 03104, | (04, 081[03
po | 041107, 08] [ | oM EGST | 06), Fos,-02], |05, [04,-08] | 0.7],[-07, -05],
*oac0s)y (04, | oEOT 1107 0.1}, [08, | [06,-0.2]), [0.4, | [06, 041}, [08,

03,09.-04) | JURI03 Y06 07,05) |04,-09,01) |06-05-03)

0.4])
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{[0.5, 0.6],

{[0.4,0.7,[0.1, |[0.3,06],[- | ({[0.1,0.4],[0.2, |({[0.7,0.7,[0.2, | ({[0.6,0.7],[0.3,
A | 041 [09-03] [ |07,-02][- |04][08-03] |05],[-0.8,-0.7], |0.5],[-0.6,-0.4],
* 1 0.4,-0.3]3, [0.8, 0.4,-04]}, | [-0.6,-0.5]}, [0.8, | [-0.5, -0.4]}, [0.5, | [-0.7, -0.5]}, [0.5,

0.5, -0.9,-0.1]) [0.7,0.4,-0.5, | 0.1,-0.9,-0.1]) | 0.6,-0.4,-0.2]) | 0.4,-0.6, -0.5])

-0.7])

Step 2: Calculation of the score value

For every CBPFN (;j, calculate its score s;; = S¢(Cpp) using the score function,

2 2 2 2
+1 +u + +1 +u + =1 -u - =1 -u -
S-(Cgp) = HcpptHcgp—Hepp + Vcpp+Pcpp~ cpp + HcpptHcgp—Hegp + YcpptPcpp~ Ycpp
C\~BP 3 3 3 3

Now, the CBPFS decision matrix is transformed into the score matrix S=[s; f]mxn‘

SCORE VALUE
Sij C C Cs Cs Cs
A 0.3800 0.3033 0.4100 | 0.2300 0.5933
A 0.2967 0.3767 0.2133 | 0.56333 | 0.1800
Az 0.3967 0.1167 0.0567 0.2000 0.3400
Ay 0.0867 0.1733 0.0800 | 0.6667 0.4767
Step 3: Normalizing the score matrix
For a Beneficial criterion
Sij

A larger score represents better performance. P;; = ST
j=1°1j

For a non-beneficial criterion
A smaller score represents better performance. First transform the score, s

!

ij = 1— s;j. Then normalize,

P = Z,::”l ié,-’i Thus, ¥.3-; pi; = 1. The normalized matrix is P = [p; f]mxn'
Pij C: C, Cs Cs Cs
Aq 0.3276 | 0.3127 | 0.5395 | 0.3291 | 0.1687
A, 0.2558 | 0.3883 | 0.2807 | 0.1866 | 0.3403
Az 0.3420 | 0.1203 | 0.0746 | 0.3419 | 0.2739
A, 0.0747 | 0.1787 | 0.1053 | 0.1425 | 0.2172

Step 4: Determine the entropy of each criterion

o 1
For each criterion Cj, calculate E; == — —

Y.>_; pijlnp;; where 0ln0 = 0. Therefore, 0 < E; < 1.
The value E; represents the degree of uncertainty or uniformity associated with criterion C;.

e Larger Ej: less discriminating information.
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Pij *In Pij Ci C Cs Cs Cs
A, | -0.1588 | -0.1579 | -0.1446 | -0.1588 | -0.1304
A, | 01515 | -0.1595 | -0.1549 | -0.1361 | -0.1593
As -0.1594 | -0.1106 | -0.0841 | -0.1594 | -0.154
A -0.084? | -01336 | -0.1029 | -0.1206 | -0.144
— E; ]0.91977 | 0.93292 | 0.80799 | 0.95475 | 0.97626

Step 5: Calculation of the degree of diversification

The degree of diversification of criterion C; is d;j = 1-E;. Hence, 0 < d; < 1. A larger d; indicates that

criterion C; provides greater useful information for distinguishing the alternatives.

Step 6: Determine the entropy weights

The objective weight of criterion C; is w; =

Step 7: Determine the final weight vector:

The resulting criterion weights constitute the final weight vector as

d;=1-E; | 0.08023 | 0.06708 | 0.19201 | 0.04525 | 0.02374
d;
2:]5:1‘11"
w;j 0.20862 | 0.17442 | 0.49929 | 0.11767 | 0.06173

W= (0.20862, 0.17442, 0.49929, 0.11767, 0.06173) , where X3, w; = 1.

6.2 Proposed CBPFS-VIKOR Method

Let {A1, Ao, .

.., Am} denote the set of alternatives and C = {C,, Cy, ..

., Cn} denote the set of criteria. Let

D=|[c; j]mxn be the same CBPFS decision matrix as in the CBPFS - Entropy, and let W= (0.20862,
0.17442, 0.49929, 0.11767,

0.06173) be the weight vector of the criteria calculated using the CBPFS entropy method, where

Z?:l W] = 1.

Step 1: Calculation of the CBPFS Score Matrix

Calculate s;; = S¢ (Cgp) using the proposed CBPFS score function for i=1, 2, ..., mand j=1, 2, ..., n.

Hence,

the score matrix S=[Si j] is

mxn

Wi

0.20862

0.17442

0.49929

0.11767

0.06173

Ci

C

Cs

Cs

Cs
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A 0.3800 | 0.3033 | 0.4100 | 0.2300 | 0.5933
A, 0.2967 | 0.3767 | 0.2133 | 0.5633 | 0.1800
As 0.3967 | 0.1167 | 0.0567 | 0.2000 | 0.3400
Ay 0.0867 | 0.1733 | 0.0800 | 0.6667 | 0.4767

Step 2: Identification of the positive and negative ideal solutions

If the criterion Cj is beneficial, f;" =

If the criterion C; is non-beneficial, f;* =

miaxsij,fj_ = miinsl-j.

miin Sij» fi = max si;.

Here, f;" represents the positive ideal value and f;~ represents the negative ideal value.

fi 0.3967 | 0.3767 | 0.4100 | 0.2000 | 0.1800
fi 0.0867 | 0.1167 | 0.0567 | 0.6667 | 0.5933
Step 3: Calculate the normalized distance
For a beneficial criterion, di j= @
fi =1
o sij = fj
For a non-beneficial criterion, d; T
fi=1j
d; j C. C Cs Cs Cs
As 0.0538 | 0.2821 | 0.0000 | 0.0643 | 1.0000
A 0.3226 | 0.0000 | 0.5566 | 0.7786 | 0.0000
Az 0.0000 | 1.0000 | 1.0000 | 0.0000 | 0.3871
Ay 1.0000 | 0.7821 | 0.9340 | 1.0000 | 0.7177

Step 4: Computation of the weighted normalized distance

Using the criteria weights obtained through entropy, the weighted normalized distance, V;; = W; d; j

Vij C: Cz Cs Cs Cs

A 0.0112 | 0.0492 | 0.0000 | 0.0076 | 0.0617
A; 0.0673 | 0.0000 | 0.2779 | 0.0916 | 0.0000
Az 0.0000 | 0.1744 | 0.4993 | 0.0000 | 0.0239
Ay 0.2086 | 0.1364 | 0.4663 | 0.1177 | 0.0443

Step 5: Calculation of the group utility measure

For each alternative A;, U; = Z}Ll w;d;; where U; represents the overall distance from the ideal

solution. A smaller U; indicates better performance.




RCHUB: JOURNAL OF COMPUTATIONAL INTELLIGENCE SCIENCE AND ENGINEERING (JCISE)
VOL: 2, ISSUE 3, JULY - SEPTEMBER 2026

RCHUB PUBLISHER
U’ 0.1297 R 0.0617 ISSN: 107-8168
U 0.9733 RDUI: hpsyy/do. or%{' A/égé"b JCISE/2/3/009
Ui Rank

0.1297 1

0.4368 2

0.6976 3

0.9733 4

Step 6: Calculation of the regret measure of the individual

For each alternative, R; = maxw;d;;. Here, R; represents the maximum individual criterion regret.
j

A smaller R; is the better.

Ri
0.0617
0.2779
0.4993
0.4663

Step 7: Determine the extreme values

Compute U* = minU;, U~ = maxU; and R* = minR; ,R~ = maxR;.
L L L L

Step 8: Calculation of the VIKOR index and rank the alternatives
The VIKOR index of alternative Ai is

Uui—-u

TR (1 —v)—

R~ —R

Q=v

—where0<v<1.

Generally, v = 0.5 is used. Alternatives are ranked in the ascending order of Q;: Q; < Q; <

alternative with the minimum Q; is considered the preferred alternative.

Qi Rank

0 1
4.4917 2
8.7733 3

10 4

Step 9: Verification of the compromise solution

<+ < Qu. The

Let us consider A" = A; and A® = A; are the alternatives ranking first and second with respect to Q;

respectively. The

acceptable advantage criterion is
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Q(A2) - QA = 449172 7= = 0333,

The acceptable stability criterion is the A; should rank first also with respect to either U; or R;.If both
criteria satisfy, then

A is considered as the VIKOR compromise solution.
6.3 Proposed CBPFS-COPRAS Method

Let {A1, A2, ..., Am} denote the set of alternatives and C = {C;, Cy, ..
D= [Cij]mxn be

., Cn} denote the set of criteria. Let

the same CBPFS decision matrix as in the CBPFS - Entropy, and let W= (0.20862, 0.17442, 0.49929,
0.11767,

0.06173) be the weight vector of the criteria calculated using the CBPFS entropy method, where

215-=1 W] = 1.
Step 1: Calculation of the CBPFS Score Matrix

Calculate s;; = S¢(Cpp) using the proposed CBPFS score function for i=1, 2, ..., mand j=1, 2, ..., n.
Hence,

the score matrix S=[s; f]mxn is

W;j 0.20862 | 0.17442 | 0.49929 | 0.11767 | 0.06173
C: C Cs C, Cs
Ax 0.3800 | 0.3033 | 0.4100 | 0.2300 | 0.5933
Az 0.2967 | 0.3767 | 0.2133 | 0.5633 | 0.1800
As 0.3967 | 0.1167 | 0.0567 | 0.2000 | 0.3400
A4 0.0867 | 0.1733 | 0.0800 | 0.6667 | 0.4767
Step 2: Normalizing the score matrix
For a Beneficial criterion A larger score represents better performance. p;; = % .
i=1°1j

For a non-beneficial criterion A smaller score represents better performance. First transform the score,
!

Stj,;

s ; = 1 —s;;. Then normalize, P;; = 215:—15[,} Thus, 215':1 pij = 1. The normalized matrix is P = [pl- j]mxn'
Pij C: C Cs C, Cs
Aq 0.3276 0.3127 0.5395 0.3291 0.1687
A, 0.2557 0.3883 0.2807 0.1866 0.3402
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As 0.3420 0.1203 0.0746 0.3419 0.2739
A4 0.0747 0.1787 0.1053 0.1425 0.2172

Step 3: Construction of the weighted normalized matrix

Using the entropy-derived weights, y;; = w; pjj. Hence, Y= [yl- j]

mxn’

Vij Ci C Cs C4 Cs

A: 0.0683 0.0545 0.2694 0.0387 0.0104
A; 0.0534 0.0677 0.1402 0.0220 0.0210
As 0.0713 0.0210 0.0372 0.0402 0.0169
As 0.0156 0.0312 0.0526 0.0168 0.0134

Step 4: Calculation of the beneficial criterion sum and non-beneficial criterion sum
For each alternative A, calculate B; = ), jeck[yi j] where c;, is beneficial criteria. Here, larger B; indicates

better performance. For each alternative A;, calculate N; = ), jeey [yi j] where c; is non-beneficial criteria.

Here, smaller N; is preferred.

Benefit Non-benefit
Bi N
0.3922 0.0491
0.2612 0.0430
0.1295 0.0571
0.0993 0.0302

Step 5: Calculation of the relative significance

3 .
The relative significance of alternative A; is calculated as Qi=B; + Nzl; Nll where Ni>0. A larger Q;
i i:1N_l.
indicates a better alternative.
XN
1 1
z N; N; X N
20.3514 0.0387
23.2759 0.0443
17.5025 0.0333
33.1484 0.0631
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Step 5: Calculation of the utility degree and ranking the alternatives

Qi
Qmax

Let Qmax= Maximum Q;. The utility degree is V; = x100. The alternative with Vi=100 has the

highest relative utility.
Rank the alternatives in descending order of Q; or Vi: Q1> Q2> +++> Qu. Thus, A; > Ay>+--> Ap,.

The alternative with the maximum Q; is selected as the best alternative.

Qi Vi Vi*100 | Rank
0.4310 1 100 1
0.3055 | 0.70894 | 70.8938 2
0.1629 | 0.37788 | 37.7876 3
0.1624 | 0.3768 | 37.6804 4

6.4 Comparative Analysis of CBPFS-Entropy-VIKOR and CBPFS-Entropy-COPRAS

To validate the reliability and robustness of the proposed CBPFS-based MCDM framework, the
obtained results were compared using two different ranking approaches, namely CBPFS-Entropy-
VIKOR and CBPFS-Entropy-COPRAS. Both approaches were applied to the same CBPFS decision
matrix, using the same CBPFS score function and the same criterion weights obtained through the
entropy method.

The results obtained from both approaches produce the same ranking of the alternatives, given
by A1> A>> A3 > As. Thus, Az is identified as the most preferred alternative, while A4 occupies the lowest
position in both approaches. The identical ranking demonstrates the stability and robustness of the
proposed CBPFS-based decision-making framework. Although VIKOR and COPRAS follow different
aggregation principles, both methods identify A3 as the optimal alternative. VIKOR determines a
compromise solution by considering the overall group utility and the maximum individual regret, whereas
COPRAS evaluates alternatives according to their relative significance with respect to beneficial and non-
beneficial criteria.

6.5 Future Work

The proposed hybrid decision-making approach based on CBPFS can be further developed in
many directions. Other topological characteristics of CBPFSs considering (R)-order relation can be
developed and analyzed in future works together with their relationships from the theoretical point of
view. Future works may include the extension of the proposed entropy-VIKOR-COPRAS decision-
making approach by using other objective weighting methods and MCDM approaches, for instance,
CRITIC, TOPSIS, WASPAS, and MAIRCA. Moreover, future studies can extend CBPFSs to **interval-
valued, hesitant, spherical, and (q)-rung CBPFSs** that can help in modeling of more complicated
uncertainties. Proposed methodology can also be used in many other healthcare issues, such as **disease
diagnosis, treatment choice, medical resource allocation, and healthcare planning**.

148



RCHUB: JOURNAL OF COMPUTATIONAL INTELLIGENCE SCIENCE AND ENGINEERING (JCISE)
VOL: 2, ISSUE 3, JULY - SEPTEMBER 2026

RCHUB PUBLISHER

ISSN: 3107-8168

DOI: https://doi.org/10.65725/JCISE/2/3/009

References:

[L] L. A. Zadeh, “Fuzzy sets,” Information and Control, vol. 8, no. 3, pp. 338-353, 1965,

[2] K. T. Atanassov, “Intuitionistic fuzzy sets,” Fuzzy Sets and Systems, vol. 20, no. 1, pp. 87-96,
1986.

[3] R. R. Yager, “Pythagorean membership grades in multicriteria decision making,” IEEE
Transactions on Fuzzy Systems, vol. 22, no. 4, pp. 958-965, 2014.

[4] R.R. Yager and A. M. Abbasov, “Pythagorean membership grades, complex numbers, and
decision making,” International Journal of Intelligent Systems, vol. 28, no. 5, pp. 436452,
2013.

[5] S. Opricovic and G.-H. Tzeng, “Compromise solution by MCDM methods: A comparative
analysis of VIKOR and TOPSIS,” European Journal of Operational Research, vol. 156, no. 2,
pp- 445-455, 2004.

[6.] C.E. Shannon, “A mathematical theory of communication,” Bell System Technical Journal, vol.
27, no. 3, pp. 379423, 1948.

[7.] S. Opricovic, Multicriteria Optimization of Civil Engineering Systems. Belgrade, Serbia:
Faculty of Civil Engineering, 1998.

[8.] G.-H. Tzeng and J.-J. Huang, Multiple Attribute Decision Making: Methods and Applications.
Boca Raton, FL, USA:CRC Press, 2011.

[9.] E. K. Zavadskas, Z. Turskis, and S. Kildiené, “State of art surveys of overviews on
MCDM/MADM methods,” Technological and Economic Development of Economy, vol. 20, no.
1, pp. 165-179, 2014.

[10.] A. Mardani, A. Jusoh, E. K. Zavadskas, F. Cavallaro, and Z. Khalifah, “Application of multiple-
criteria decision- making techniques and approaches to evaluating of sustainable development:
A systematic review,” Journal of Cleaner Production, vol. 54, pp. 1-17, 2013.

[11.] S.Z.Abbas, M. S. A. Khan, S. Abdullah, H. Sun, and F. Hussain, “Cubic Pythagorean fuzzy sets
and their application to multi-attribute decision making with unknown weight information,”
Journal of Intelligent & Fuzzy Systems, vol. 37, no. 1, pp. 1529-1541, 2019.

[12.] P. Rani, A. R. Mishra, K. R. Pardasani, A. Mardani, H. Liao, and D. Streimikiene, “A novel
VIKOR approach based on entropy and divergence measures of Pythagorean fuzzy sets to
evaluate renewable energy technologies in India,” Journal of Cleaner Production, vol. 238, p.

117936, 2019.

149



RCHUB: JOURNAL OF COMPUTATIONAL INTELLIGENCE SCIENCE AND ENGINEERING (JCISE)
VOL: 2, ISSUE 3, JULY - SEPTEMBER 2026

RCHUB PUBLISHER

ISSN: 3107-8168

DOI: https://doi.org/10.65725/JCISE/2/3/009

[13.] “New Pythagorean entropy measure with application in multi-criteria decision analysis,”
Entropy, 2021. This work develops a Pythagorean entropy and integrates it with COPRAS for
MCDM

[14.] “The group decision-making using Pythagorean fuzzy entropy and the complex proportional
assessment,” Journal of Mathematics, 2022.

[15.] “An extended Pythagorean fuzzy complex proportional assessment approach with new entropy
and score function”, Application in pharmacological therapy selection for type 2 diabetes,”
Applied Soft Computing, vol. 94, p. 106441, 2020.

[16.] “Pythagorean fuzzy entropy measure-based complex proportional assessment technique for
solving multi-criteria healthcare waste treatment problem,” Environmental Science and
Pollution Research, 2021.

[17.] “A mathematical approach to medical diagnosis via Pythagorean fuzzy soft TOPSIS, VIKOR
and generalized aggregation operators,” Complex & Intelligent Systems, vol. 7, pp. 2783-2795,
2021.

[18.] “Extended TOPSIS method based on Pythagorean cubic fuzzy multi-criteria decision making
with incomplete weight information,” Journal of Intelligent & Fuzzy Systems, vol. 38, no. 2, p.
2285, 2020

[19.] “Evaluating the blockchain-based healthcare supply chain using interval-valued Pythagorean
fuzzy entropy-based support system,” Engineering Applications of Artificial Intelligence, vol.
126, Part D, p. 107112, 2023.

[20.] “Selection of wastewater treatment technologies using complex Pythagorean fuzzy decision-
making approach with divergence and entropy measures,” Ain Shams Engineering Journal, vol.

16, no. 10, p. 103665, 2025.

150



